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Abstract: In this paper, we consider an inflationary model of f(R) gravity with polyno-
mial form plus logarithmic term. We calculate some cosmological parameters and compare
our results with the Plank 2015 data. We find that presence of both logarithmic and poly-
nomial corrections are necessary to yield slow-roll condition. Also, we study critical points
and stability of the model to find that it is a viable model.
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1 Introduction
Dark energy may be origin of the late-time cosmic accelerated expansion which observed
by type Ia supernovae (SNIa) [1, 2]. Dark energy is a mystery thing with negative pressure
[3]. Observational data of SNIa [4], CMB [5] and BAO [6] confirmed that most of universe
filled with the dark energy. Proposing a successful model to describe dark energy is one of
the important topics in theoretical physics and cosmology.
One of the first models is the cosmological constant which is non-dynamical model. So,
some people proposed dynamical dark energy models such as scalar field models [7–16].
There are also another class of modified matter models based on exotic fluid so called
Chaplygin gas and its extensions [17–35], which is indeed a way to unification of dark
matter and dark energy.
The other class of dynamical dark energy models are based on modification of the general
relativity, which is called f(R) or F (R) gravity, where F is a function of the Ricci scalar
and f = R + F [36–40]. This is indeed an alternative way for introducing dark energy to
have cosmic acceleration. Now, an important point is constructing a model in agreement
with observational data. An easy way to do that is to find f(R) or F (R). Polynomial
f(R) model is one of the possible way [41], and is a general model with R2 correction.
The higher derivative corrections of the ordinary model inspired by string theory is quite
generic. However, as pointed out by the Ref. [41], other correction terms expected by
a quantum gravity theory like string theory. For example, it is also possible to consider
logarithmic corrected term. The ordinary function without polynomial and logarithmic
terms (f(R) = R + αR2) [42, 43] may be useful to study neutron stars with a strong
– 1 –
magnetic field [44]. Logarithmic corrections may be add to consider the effect of gluons in
non-flat space-time [45]. Recently, a cosmological model based on the logarithmic corrected
F (R) constructed [46].
In this paper, we would like to consider both polynomial form of f(R) and a logarithmic
term, to investigate the spectral index and tensor-to-scalar ratio comparing with recent
plank data [47]. According to the recent Planck data the constraint on spectral index
is given by ns = 0.968 ± 0.006 consistent with the 2013 Planck data. Moreover, Planck
2015 plus BKP B-mode data give a constraint on the tensor-to-scalar ratio as r < 0.09
[47]. Finally the number of e-foldings between the end of inflation and our present day
is 50 ≤ N ≤ 60. Indeed, present paper in extension of [41] and [46] using more recent
observational data. We will show that, presence of logarithmic plus polynomial corrections
help to obtain results in more agreement with observational data.
2 The polynomial plus logarithmic inflation model
The inflationary expansion of the universe may described by the following action [41],
S =
∫
d4x
√−g
[
1
2κ2
f(R) + Lm
]
, (2.1)
where κ2 = 8piG = M−2pl , and Mpl is the reduced Planck mass, and Lm is the matter
Lagrangian density. The main purpose of this paper is to study the cosmological parameters
describing inflation and the evolution of the universe. We consider f(r) as follow,
f(R) = R+ αR2 + βRn + γR2 ln γR, (2.2)
where α, β and γ are arbitrary constant, and n > 2. The case of α 6= β 6= 0 and γ = 0
yield to the model considered by the Ref. [41]. When β = 0 the model reduced to the
Starobinsky model [48]. The special case of γ = 0 and n = 4 has been studied by the Ref.
[49]. The function f(R) satisfies the conditions f(0) = 0, corresponding to the flat space-
time without cosmological constant. We will compare our results with recent observation
data to show that two last terms of (2.2) are necessary.
From the equation (2.2) we obtain,
f ′(R) = 1 + (2α + γ)R+ 2γR ln βR+ nβRn−1,
f ′′(R) = 2α+ λ+ 2γ ln βR + n(n− 1)βRn−2, (2.3)
The function f(R) obeys the quantum stability condition f ′′(R) > 0 for α > 0, β > 0, and
γ > 0. This ensures the stability of the solution at high curvature. It follows from the
equation (2.3) that the condition of classical stability f ′(R) > 0 leads to,
1 + (2α+ γ + 2γ ln γR)R+ nβRn−1 > 0. (2.4)
First of all we consider constant curvature solutions of the equations obtained from
the action in the equation (2.1) without matter (Lm = 0). The governing equation is given
by [50],
2f(R)−Rf ′(R) = 0, (2.5)
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hence,
(2− n)βRn−1 − γR+ 1 = 0. (2.6)
For the case of β = 0 we have R = 1
γ
. In the case of β 6= 0 we have an equation of order
n− 1. For instance, the case of n = 3 yields to,
R = −γ ±
√
γ2 + 4β
2β
. (2.7)
There is also another condition,
f ′(R)
f ′′(R)
> R, (2.8)
which simplifies to,
1− 2γR− n(n− 2)βRn−1 > 0, (2.9)
which implies flat space-time (R = 0) is stable. However, both conditions (2.5) and (2.8)
satisfied for n ≥ 3 and R > 0.
3 The scalar field and potential
It is possible to do the following conformal transformation of the metric [51],
g˜µν = f
′(R)gµν = (1 + (2α + γ)R+ 2γR ln βR + nβR
n−1)gµν . (3.1)
In that case the action given by the equation (2.1) with £m = 0 written as,
S =
∫
d4x
√−g
[
1
2κ2
R˜− 1
2
g˜µν∇µΦ∇νΦ− V (φ)
]
, (3.2)
where ∇µ is the covariant derivative, and R˜ is determined using the conformal metric in
the equation (3.1). We can obtain the scalar field Φ as follow,
Φ =
√
3
2
ln(1 + (2α+ γ)R+ 2γR ln γR+ nβRn−1). (3.3)
In the plots of the Fig. 1 we can see behavior of the scalar field for various values of
parameters. In the Fig. 1 (a) we can see behavior of the scalar field for different n. It is
illustrated that, evolution of Φ for larger n is faster than the cases with lower n. In the Fig.
1 (b) we can see that the scalar field Φ is linear for γ = 0. Fig. 1 (c) tells that increasing
β parameter, as well as α parameter (see Fig. 1 (d)) increases value of the scalar field.
Two last figures (e) and (f) show effect of Rn and logarithmic corrections separately. Later,
we will fix parameters using slow-roll condition.
Then, we can obtain the potential V as follow,
V =
γR2 ln(γR) + β(n− 1)Rn +R2(α+ γ)
2(1 + (2α+ γ)R + 2γR ln γR+ nβRn−1)2
. (3.4)
We can see that for appropriate choice of parameters there is at least a minimum and a
maximum for the potential. Typical behavior of the potential plotted in the Fig. 2
– 3 –
Figure 1. The scalar field Φ versus R. (a) α = β = γ = 0.5; n = 3 (solid), n = 4 (dash), n = 5
(dot), n = 6 (dash dot). (b) α = β = 0.5, n = 3; γ = 0 (solid), γ = 0.2 (dash), γ = 0.5 (dot),
γ = 1 (dash dot). (c) α = γ = 0.5, n = 3; β = 0 (solid), β = 0.2 (dash), β = 0.5 (dot), β = 1 (dash
dot). (d) β = γ = 0.5, n = 3; α = 0 (solid), α = 0.2 (dash), α = 0.5 (dot), α = 1 (dash dot). (e)
α = β = 0, n = 3; γ = 0.2 (solid), γ = 0.5 (dash), γ = 0.8 (dot), γ = 1 (dash dot). (f) α = γ = 0,
n = 3; β = 0.2 (solid), β = 0.5 (dash), β = 0.8 (dot), β = 1 (dash dot).
Figure 2. The The scalar potential V versus R for α = 1, β = 0.5, γ = 1, and n = 5.
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4 Slow-roll parameters
Having scalar potential help us to obtain some important cosmological parameters which
constructed using the slow-roll parameters. The slow-roll parameters are given by,
ε =
1
2
(
V ′
V
)2
, (4.1)
and
η =
1
2
V ′′
V
, (4.2)
where 8piG = 1 is used for simplicity.
For the slow-roll approximation, the crucial conditions are ε ≪ 1 and η ≪ 1. One can
obtains the slow-roll parameters expressed through the curvature from the equations (3.4),
(4.1) and (4.2). We can write the following analytical expression of ε,
ε =
[(α+ 32γ)R
2 + 12n(n− 1)βRn +R2γ ln γR]2(γR2 −R+ (n− 2)βRn)2
2R2[(12 + (α+
γ
2 )R)R+
1
2βnR
2 + γR2 ln γR]2((α + γ)R2 + (n− 1)βRn + γR2 ln γR)2 .
(4.3)
In the Fig. 3 we can check slow-roll condition ε≪ 1 for different values of parameters. We
can see that in the case of without correction (β = γ = 0) the condition ε ≪ 1 satisfied
only for R ≫ 1 with any value of n. Effect of Rn corrections (β 6= 0, γ = 0) illustrated
by green dashed lines. For the cases of n ≥ 4 we have two regions where ε ≪ 1 as R ≫ 1
and R ≈ 1, while in the case of n = 3 we have slow-roll condition only for R≫ 1. On the
other hand the effect of logarithmic correction (β = 0, γ 6= 0) illustrated by orange dash
dotted lines. In that case we have two regions where ε≪ 1 as R≫ 1 and R ≈ 1 for any n.
Finally both corrections (β 6= 0, γ 6= 0) yield to the red solid lines. In that case slow-roll
condition ε≪ 1 satisfied in three different regions as R ≈ 1, R≪ 1 and R≫ 1 for n ≥ 4,
while R≪ 1 and R≫ 1 for n = 3.
Above discussion suggested that presence of both corrections (logarithmic and R2) is neces-
sary to satisfy slow-roll condition ε≪ 1 for any arbitrary n with finite R (R ≤ 1), because
the end of inflation ε ≈ η ≈ 1 happen at R ≈ 1.
We can find that above values of parameters satisfy other slow-roll condition η ≪ 1.
In the Fig. 4 we draw typical behavior of η and see that we have η ≪ 1 at R ≤ 1.
The age of the inflation can be obtained by calculating the e-fold number,
Ne =
∫ R0
Rend
V (Φ′)2
V ′
dR, (4.4)
where R0 denotes present day Ricci scalar and Rend corresponds to the time of the end
of inflation when ε or |η| are close to 1 so from the Fig 3 we can say Rend ≈ 1 as discussed
above. Again we find that presence of both corrections are crucial to have 50 ≤ N ≤ 60.
For example in the case of n = 3 with α of order unity, γ = 0.3 and infinitesimal β we can
obtain N = 52 at R ≈ 3.5 as present day value of Ricci scalar (see Fig. 5).
Having ε and η give us two important cosmological parameters. The index of the scalar
spectrum is given by,
ns = 1− 6ε+ 2η. (4.5)
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Figure 3. ε versus R for α = 0.5. (a) n = 3, (b) n = 4, (c) n = 5. β = 0, γ = 0 (blue dot).
β = 0.1, γ = 0 (green dash). β = 0, γ = 0.3 (orange dash dot). β = 0.1, γ = 0.3 (red solid).
Figure 4. η versus R for α = 0.5, β = 0.1, γ = 0.3 and n = 3 (blue dot), n = 4 (green dash),
n = 5 (red solid).
Our results illustrated by the Fig. 6 which suggest n = 3 is more agreement with obser-
vations while other parameters should be fixed as before. Therefore, both logarithmic and
polynomial corrections are necessary to have agreement with observations.
Also, the tensor-to-scalar ratio is defined by,
r = 16ε. (4.6)
In the Fig. 7 we show that observational bound r < 0.09, denoted in the introduction,
satisfied.
5 Critical points and stability
There are several ways to study stability of a cosmological model. Here, we follow method
of the Ref. [52] to find critical points and investigate stability of the model. In order to
– 6 –
Figure 5. N versus R for α = 0.5, β = 0.00005, γ = 0.3 and n = 3.
Figure 6. ns versus R for α = 1, β = 0.1, γ = 0.3 and n = 3 (red solid), n = 4 (green dash), n = 5
(blue dot).
investigate critical points of equations of motion, it is useful to introduce the following
dimensionless parameters,
x1 = − 2α+ βn(n− 1)R
n−2 + γ(1 + 4 ln γR)
1 + βnRn−1 + (2α+ γ)R+ 2γR ln γR
R˙
H
, (5.1)
where H is Hubble expansion parameter and dot denote time derivative,
x2 = − 1
6H2
R+ αR2 + βRn + γR2lnγR
1 + βnRn−1 + (2α+ γ)R + 2γR ln γR
, (5.2)
and x3 =
R
6H2
. For example the deceleration and effective equation of state parameters
can express in terms of x3 as q = 1− x3 and ωeff = −13(2x3 − 1). Using above parameters
we can specify some points P = (x1, x2, x3). Moreover, the following identity obtained in
– 7 –
Figure 7. r versus R for α = 1, β = 0.1, γ = 0.3 and n = 3.
terms of the above parameters,
Ω = 1− x1 − x2 − x3. (5.3)
Also, there are two interesting parameters as follows,
m =
2αR + βn(n− 1)Rn−1 + 2γR ln γR+ 3γR
1 + (2α + γ)R+ 2γR ln(γR) + βnRn−1
, (5.4)
and
s = −1 + (2α + γ)R+ 2γR ln(γR) + βnR
n−1
1 + αR+ βRn−1 + γR ln(γR)
. (5.5)
It is interesting to note that s = x3
x2
. It means that
R = − f
f ′
x3
x2
, (5.6)
therefore we can express m in terms of s,
m = −ff
′′
f ′2
x3
x2
= −ff
′′
f ′2
s, (5.7)
and the critical points of the system can obtain by investigation of the functionm(s), which
shows the deviation from the ΛCDM model. Below we list and discuss about some critical
points without radiation.
5.1 de-Sitter
The first critical point P1 = (0,−1, 2) with q = ωeff = −1 and Ω = 0 corresponds to
de-Sitter solution. This point mimics a cosmological constant. It is obvious that s = −2,
then combination of it with the relation (5.6) yields to the condition given by the equation
(2.6). Therefore, the point P1 corresponds to the constant curvature solutions introduced
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in section 3. x3 = 2 tells that R = 12H, and we can find that H˙ = 0.
In the special case of n = 3 we find the solution (2.7). In that case, if we assume 4β = −γ2,
then m = 1. It is indeed similar to the simplest case of β = γ = 0 which is uncorrected
model.
5.2 kinetic epoch
The second and third critical points P2,3 = (±1, 0, 0) yields to q = 1 and ωeff = 13 . For
positive and negative sign we have P2 and P3 with Ω+ = 0 and Ω− = 2 corresponds
to a purely kinetic epoch and a field-matter dominated epoch respectively introduced by
Amendola et al. [53–55]. As pointed by the Ref. [52] for several models like logarithmic,
power-law and polynomial function, one need to apply de l’Hopital rule to vanish imaginary
picture of x3
x2
= 00 , and all yield to results of the Ref. [52].
5.3 scaling solutions
For the other critical point,
P4 =
(
3m
1 +m
,− 1 + 4m
2(1 +m)2
,
1 + 4m
2(1 +m)
)
, (5.8)
one can find,
q =
1− 2m
2(1 +m)
,
ωeff = − m
1 +m
,
Ω = 1− m(7 + 10m)
2(1 +m)2
. (5.9)
Also it is clear that s = −(m+ 1).
In the special case of m = 0 where x3 =
1
2 , r = −1, q = 12 , ωeff = 0, and Ω = 1 we recover
standard mater era with a = a0t
2
3 . Then, we have a viable matter dominated epoch prior
to late-time acceleration.
Independent of correction parameters, general behavior of above quantities has been studied
by the Ref. [52]. Here we would like to investigate effect of β and γ (polynomial and
logarithmic effect respectively). Combination of the equations (5.4), (5.5) and (5.8) suggest
the following equation,
− [γ + β(n− 2)2Rn−1] γ ln γR
+
[
2(2α + γ)n− αn2 − 4(α + γ)]βRn−1
− β(n− 1)2Rn−2 + γ2R− (α+ 2γ) = F = 0. (5.10)
It is obvious that β = γ = 0 is forbidden unless α = 0, so we find that in presence of α, at
least one of β or γ should exist. We will show that logarithmic correction is necessary to
have positive R. Therefore, we consider two special case of β = 0, γ 6= 0 and β 6= 0, γ = 0
– 9 –
both for n = 3.
In the first case we set n = 3 and γ = 0, so the equation (5.10) has the following roots,
R =
−2β ±
√
4β2 − βα2
αβ
< 0, (5.11)
which are clearly negative for any positive α and β. We have similar problem for higher n.
Hence we seek other solutions with β = 0 in the equation (5.10) which gives,
R =
1
γ
e
α+2γ
γ e−LW (−e
−fracα+2γγ), (5.12)
where LW stands for Lambert function. It is clear that with β = 0 value of n is not
important. In the Fig. 8 we draw R to see that γ and α reduce value of R, but with
selected values of them we have positive R. In this case we can find m as infinitesimal
negative parameter.
In the Fig. 9 we consider general form of the equation (5.10) and draw F in terms of R
to find roots of the equation. In the general case, we can see that appropriate choice of
parameters, as before, yield to at least two roots.
Figure 8. R versus α for n = 3, β = 0, γ = 0.3 (solid red), γ = 0.5 (dotted blue), γ = 0.7 (dashed
green).
5.4 curvature-dominated point
The last critical point given by,
P5 =
(
2(1 −m)
1 + 2m
,− 1− 4m
m(1 + 2m)
,−(1− 4m)(1 +m)
m(1 + 2m)
)
, (5.13)
one can find,
q =
1− 2m(1 +m)
m(1 + 2m)
,
ωeff =
2− 5m− 6m2
3m(1 + 2m)
,
Ω = 0. (5.14)
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Figure 9. F versus R for β = 0.1. (a) α = 0.5, n = 3, γ = 0.3 (solid red), γ = 0.5 (dotted blue),
γ = 0.7 (dashed green). (b) α = 0.5, γ = 0.3, n = 3 (solid red), n = 4 (dotted blue), n = 5 (dashed
green). (c) γ = 0.3, n = 3, α = 0.4 (solid red), α = 0.5 (dotted blue), α = 0.6 (dashed green).
Also, it is clear that s = −(m + 1) exactly similar to the point P4. Therefore, we have
similar description with Fig. 8 and Fig. 9. So, in order to have stability, presence of at
least logarithmic correction is necessary.
6 Conclusion
In this paper, we studied an inflationary model based on a specific f(R) gravity theory
with the choice of f(R) = R+αR2+ βRn + γR2 ln γR. We concluded that presence of, at
least, logarithmic correction is necessary to have a successful model. However, polynomial
correction (β 6= 0) with appropriate β some time help to give a result in agreement with
observational data. In particular, the model parameters are examined by using the recent
Planck 2015 results for the tensor to scalar ratio. The evolution of the scalar field and
scalar potential also investigated. We discussed about the equation of state parameter for
the universe through the autonomous system analysis. So, we considered some critical
points of the model and discussed about them. The mathematical investigations might be
useful for the future studies. For example it is interesting to consider another f(R) gravity
models.
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